MATHEMATICAL LOGIC — ASSIGNMENT FOUR

(1) It is a known fact that if Fpa A then Fpa (A)Y, in which Fpy A denotes
provability in Peano arithmetic, Fya denotes provability in Heyting arith-
metic, and (_)V is the Godel-Gentzen translation.

Prove that Peano arithmetic is consistent if and only if Heyting arith-
metic is consistent.

If Heyting arithmetic is not consistent, then Fya L, thus Fpa L since
every intuitionistic derivation is also a classical proof and the axioms of
Heyting and Peano arithmetic are the same.

Hence Peano arithmetic is not consistent.

Conversely, if Peano arithmetic is not consistent, then Fpa L, thus, using
the known fact, Fpya (L)V, i.e., Fya L, that means Heyting arithmetic is
not consistent.

(2) Prove the fixed point lemma:
Let = be a theory in which every partial recursive function is
representable and let A be a formula such that FV(A4) = {y }.
Then there is a formula d4 such that FV(d4) = 0 and Fg §4 =
647/

This is Lemma 31.6 in the slides.

(3) Show that =AV ——A, which is an instance of the Law of Excluded Middle
thus valid in classical logic, is not provable in intuitionistic logic.

(Hint: Remember that the usual topology on R is a Heyting algebra.)

Consider the usual topology on R and interpret [A] = (0, 1).

Since [z D y] is the maximal element ¢ such that [z] A ¢ < [y], then
[x D y] =int(R\ [z]) U[y]) with int the interior of its argument.

Hence

[-A]
=[AD 1]
=int((R\ (0,1))U0)
= int ((—o0,0] U [1, 4+00))
= (—00,0) U (1, +00)
Also

[~-4]
~int (R \ [~4]) UD)
int ([0, 1])

- (0,1)
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Thus
[AV ——A]
— [~A] U [~-A]
= (—00,0) U (0,1) U (1, +00)
=R\ {0,1}
Therefore [-AV —=A] # R = [T], that is, [-A V =—=A] is not valid.



