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Full simple theory of types

Assume the separated variables convention and suppose to fix a set of type
constants. The full simple theory of types is then

t:Tr, x:Th t:Th—-T t1:T1
x: T Ax:Tit: T1— T t-ty: T
t1:T1 t:To t: Tix T t: T1x T
(t1,t2): Tix T, t-m1: T t-my: Ty
t: T1 t:To
in|7-2t: T1+To inrp, t: T1+To
t:T1+Tr a:T b:T t:0

t-6(x0: T1.a,x1:T2.b): T t-pr: T

where x, xg, x1 are variables, and A and 6 bind x and xp, x; respectively.




Elimination-oriented syntax

Eliminator: an element R such that t-R is a term.
May be a term a, w1, 72, ¢T, or 8(xp:A.a,x1:B.b).

Vector notation: r denotes a list rq,...,r, of terms; R denotes a list
Ry,..., R, of eliminators.

Vector application: t-R is t when n=0, and (t-g)-Rn with S = Ri,...,Rn-1
when n>0.

Vector relations: ﬁ € X is a shorthand for Ry € X,..., R, € X, where the n1,
72, and ¢ eliminators vacuously satisfy membership, and 6(xp.a,x1.b) € X

means a€ X and be X. Other relations, e.g., XQFV(ﬁ), are similarly defined.




>>1, one-step reduction, is the minimal congruence containing ».
>, reduction, is the reflexive and transitive closure of >1.

Computation contractions:

= (Ax:Ab)-aw b[x/a]

m (3,b)-m1»a (a,b) 2> b

m (inlga)-6(x:A.b,y:B.c)» b[x/a] with x ¢ FV(a)
(inraa)-6(x:A.by:B.c)» cly/a] with y ¢ FV(a)
renaming the bounded variables if needed

Uniqueness contractions:

= Ax:Aa-x» a where x¢FV(a)

m (a-my,a-m2)»a

a-6(x:A.inlgx,y:B.inray)» a
" g-pg»a




Permutation contractions:
a-paxg»(a-dpaa-dp)

a-pa_p» Ax:Aa-¢pg with x¢FV(a)
a-pasp®inlg(a-pa)

if r-8(x:A.a,y:B.b):CxD then

r-6(x:A.a,y:B.b)» (r-8(x:A.a-m1,y:B.b-m1),
r-&6(x:A.a-ma,y:B.b-12))

if r-8(x:A.a,y:B.b):C—D and z¢{x,y}UFV(r-6(x:A.a,y:B.b)) then

r-d(x:A.a,y:B.b)»Az:Cr-6(x:A.a-z,y:B.b-2)

if x¢FV(c) and y ¢ FV(d) then

(r-6(x:A.a,y:B.b))-6(z:C.c,w:D.d)
»r-6(x:A.a-8(z:C.c,w:D.d),y:B.b-6(z: C.c,w:D.d))




Strongly normalisable

A term t is strongly normalisable (sn) if (a) there is a bound meN to the
length of every reduction sequence starting from ¢t.

Equivalently, a term t is strongly normalisable when () every term r such
that tp> r is strongly normalisable.

A theory of types is strongly normalisable when every term which can be
typed in it, is strongly normalisable.

[(a) and (B) are induction principles]




Naive strong normalisation

Ax:Aais sn iff a is sn

(a,b) is sn iff a and b are sn

inlTa is sn iff ais sn

® inrraissniffaissn

71 a is sn iff a is sn

7o a is sn iff a is sn

® a-¢p7 issniff aissn

If a[x/b] is sn, so is a.




Naive strong normalisation

® [fa:A— T issnand x:A is a variable such that x ¢ FV(a), then a-x is sn
m [fa-bissn, so are a and b

m [ft, f, and g are sn, and t is neither a 6-term nor an injection, then
t-6(u.f,v.g) is sn.

m [fe;-6(x.e,y.e3) is sn then e; is sn

The proofs of these lemmata are straightforward inductions on one-step
reductions or the length of reductions, possibly augmented by an external
induction on the types of whole terms.

[from now on, these lemmata are taken for granted)]




The set SN

SN is the minimal set of typable terms closed by the rules in the following.

We claim that:
m if te SN then t is sn
m if t: T is term, then t € SN

Strong normalisation is an immediate consequence.




The set SN

ReSN xReSN a:TeSN b:TeSN
= (W) . (V2)
xR eSN xR6(y.a,z.b)e SN
aeSN aeSN beSN aeSN aeSN

ax:TaesN P T (@pyesN  ? Tiniyaesn M Tnrraesn

(a[x/b])DeSN beSN "
(Ax: T a)bD € SN
aDeSN beSN aeSN bDeSN

(m1) (r2)

(a,b)71D €SN (a,b)m2D € SN

® |n the rules, R is a list of eliminators containing no é's and ¢'s.
Oppositely D is a generic, unconstrained list of eliminators.
m In (V3) the type T is required to be either atomic or a sum.

® x is a variable.




The set SN

(b[x/a])DeSN acSN bDeSN cDeSN
(inlg a)5(x.b,y.c)D € SN
(d&@DB€SN 2eSN bDeSN cDeSN
(inrAa)6(x.b,y.c)5€SN
(a-6(y.b-nl,z.c-nl),a-6(y.ﬁ-n2,z.c-n2))5€SN o)
a-6(y.b,z.c)DeSN
(Au:Aa-&(y.b-u,z:-u))BESN ©
a-6(y.b,z.c)DeSN
a-5(y.b-6(u.f,v.g),z.c-&(u.f,_i/.g))BESN 60)
a-6(y.b,z.c)6(u.f,v.g)D €SN

(61)

(62)




The set SN

2eSN (a-¢A,a-¢B)B€SN
— ) = ()
a-¢TeSN apaxgD € SN
(Ax:Aa-gbB)BeSN( ) (in|B(a-¢A))Besm( )
— ¢ N (o8
apa_gD €SN apargD €SN

In (6«) the type of a-8(y.b,z.c) is a product Ax B.
In (6_) the type of a-8(y.b,z.c) is a function space A— B.

In (¢p2) the type T is required to be atomic.

In all the rules, the same constraints as for contractions apply on free and
bounded variables.




Combinatorics of 6

To cope with nested §-eliminators and their permutations, it is useful to
define A, and V,:

Ap(a, by, c1,...,bp,cn) =a-8(x1.b1,y1.¢1) - 6(Xn-bn, Yn-cn)
and
Vn(a, blv <1, ---;bn» Cn) = 8‘6(X]_.Vn_]_(b]_, b2) €2yt bnr Cn);
y1.Vp-1(c1, b2, ¢2,..., b, cn))

with Ag(a) = a=Vq(a).




Combinatorics of

For every n and for every a, by, ..., bn, c1, ..., Cn SN terms,
An(a, b1, ci,...,bn,cn) is sn iff Vp(a, b1, c1,..., bp, cp) is so.

Suppose Ap(...) is sn. Since it reduces to Vp(...), Vu(...) is sn, too.

Conversely, for every n and for every a, by, ..., bp, c1, ..., ¢y sn, if
Vn(a, b1,c1,...,bn,cn): T is sn and Ap(a, b1, c1,...,bn,cn) B>1r then ris sn.
The proof is by induction on

(n, T,maxred(a Z maxred (b Z maxred (c;))
j=1 j=1

lexicographically ordered.

[maxred (t) is the length of the longest reduction sequence starting from t]




Combinatorics of

Considering the possible one-step reductions:
® r=An(a,b1,c1,...,bn,cn) and ar>1 a'. Since n and T are unchanged in r,
but maxred (a’) < maxred(a), r is sn by IH. Likewise for b;>1 b’ or ¢;j1>1 ¢’

= r=Ap_1(b1[x/d],b2,c2,...,bn,cn) and a=inl¢ a'. Since
Vn(arbl;cly---;bnrcn)DlVn—l(bl[x/a/]rb2;c2v---rbmcn)

and the |hs side is sn, so is the rhs side, thus the subterm b;[x/a] is sn.
Then r is sn by IH. Similarly when a=inrg, a'.

= r=An_1(a,b1,c1,...,bi-1,Ci1, bis1, Cit1, ..., bn, Cn) and b =inl¢,,, x;,
ci=inrg;,, ¥i. Thus ris sn by IH.




Combinatorics of

m T=CxD and

r= (An(av b].»c].r”-rbn—lr Cn—lr bn'ﬂlr Cn'”l) . C
An(a, blr Clv---rbn—lr Cn—lrbn *72,Cn '7T2) : D) .

’

Since b, 71, by 7o, ¢y, and ¢, - 7o are sn,
An(a, b1, ci,...,bp-1,¢p-1,bn-m1,¢n-m1) and
Ap(a, by, ci,...,bp-1,€n-1,bn* 72, ¢n-72) are sn by IH, since n is the same,
but their types are proper subtypes of T. Hence r is sn.
" T=C—Dand r=2Aw:CAp(a,bi,c1,...,bn-1,Cn-1,bn- W, cp-w).
Since b, w and ¢,-w are sn

An(av bl) Clyeeey bn—l) Cn-1, bn *W,Cp- W)

is sn by IH since its type D is a proper subtype of T. Thus r is sn.




Combinatorics of

® r is the result of a permutation contraction on a sum type:

r= A,,_l(a,bl, c1,..,bi-1,¢i-1,
bj-8(xis1.biv1, Yi+1-Civ1),
Ci - 8(Xi+1.biv1, Yi+1-Cix1),
bi+2,Ci+2,-..,bn, Cn)

and 1<i<n. Considering R =V,_;(bi, bi+1,Ci+1,---, bn,Cn), this term is a
subterm of V,(a, b1,c1,...,bn, cn), which is sn by hypothesis, thus R is sn,
too. Hence Ap—i(bi, bi+1,Ci+1,---, bn,Cn) is sn by IH, so its head
bi-8(xi+1-bi+1,Yi+1-Cis1) is sn. Likewise, ¢;-0(Xj+1.bi+1,Yi+1.Ci+1) is SN.
Then r is sn by IH. O




t € SN implies t sn

SNci{t|t issn}.

By induction on the generation of SN: if t € SN is the conclusion of a rule, it

has to be shown that t is sn, assuming the premises of the rule are sn.

= (V1), (V2), (1), (p), (i1), (i2), and (¢a) are easy instances of the naive
lemmata combined with the IH.




t € SN implies t sn

= (B) Since (a[x/b])BeSN and be SN, then (a[x/b])B and b are sn by
IH, thus a, a[x/b] and each eliminator in D are sn.
Then (Ax: T a)bD is sn by side induction on [D].

If IBI =0, consider (Ax: T a)-br>1r. Then r is sn by inner induction on
maxred (a) + maxred (b): if r=(Ax:T3a')-b and ar>1 4, or
r=(Ax:Ta)-b and br>1 b, then r is sn by inner IH; if r = a[x/b] because
of B-contraction or n-contraction then r is sn as above.

Hence, (Ax: T a)b is sn since it reduces in one step to sn terms only.




t € SN implies t sn

If D=EG then (Ax: Ta)bE> is sn by side IH on E.
Let ((Ax: Ta)bE)-Gr>1r. Then r is sn by inner induction on
maxred(()tx: Ta)bE) +maxred (G): if r is obtained reducing a component in

the application , then r is sn by inner I[H.
If Gisaterm, G=my, or G=mp, no other reductions are possible. If G =¢¢

then (Ax: Ta)bB is sn, thus also r is sn.

So let G be a 5-eliminator. If E =T-_)6(y. Fi,z.F,) and
r=(Ay:Ta)bFé(y.F1G,z.F2G) then

(a[x/b]) D 1 (a[x/b]) F(y.F1G,z. F,G) ,

in which the lhs is sn, thus it is so also the rhs, hence §(y.F1G,z. F2G) is sn.
Then r is sn by side IH.

If the last eliminator in T:: if any, is not a §-eliminator, then (Ax: Ta)bB is
sn by the naive lemma on . Thus r is sn.




t € SN implies t sn

® (71) and (m2) are analogous to the () case.

m (81) is very similar to (B). However, one more case has to be considered:
when D =G, G is a 6-eliminator, and r=(inlga)d(x.b-G,y.c-G), then
bB=b-G and CB=C'G. Thus b-G and c¢- G are sn by main IH, so
8(x.b-G,y.c-G) is sn. Then r is sn by side |H.

® (82) Symmetrical to the case (81).

m (64), (6-), (¢«), (pz), and (¢ ) are, in turn, analogous to (61).




t € SN implies t sn

® (§4) It is convenient to write the conclusion as

An(a, b1, ci,...,bn,cn) D € SN where a is not a §-term and D is empty or
its first element is not a §-eliminator. Then the premise of the rule

becomes, for some 1<i<n,
P=An1(ab1,c1,...,bi-1,¢i-1,
bi-8(Xit1.bis1,Yi+1-Civ1),
Ci - 0(Xis1.bis1, Yis1-Cie1),

bi+2v Ci+2, ---vbm Cn) DeSN

Thus P is sn by IH. Since PDV,,(a,bl,cl,...,b,,,c,,)B,
Vn(a, b1, ci,...,bn,cn) D is sn. Thus Ap(a, by, ci,..., b, cn) is sn by the

previous lemma. Hence A,(a, b1, ci,..., bn,cy) D is sn by induction on | D]
as in the previous cases. 0




SN and term formation

The following facts hold, assuming all the terms are typable:

1. if x is variable then x € SN;

2. ifae SN then Ax: T aeSN;

3. ifac SN and be SN then (a,b) € SN;

4. if ae SN then inlta€ SN and inrr ae SN;

5 ifT=A— B ande: T €SN then e-ae SN for all ae SN;
6. if T=AxB and e: T €SN then e-m1 €SN and e-n5 € SN;
7

. if T=A+B and e: T €SN then e-5(x:A.a,y:B.b)e SN for all a: C e SN
and b: CeSN;

if a€ SN then a-¢7€SN;
9. ifx: T is a variable and e: Ae SN then e[x/a]€ SN for all a: T € SN.

®




SN and term formation

Properties (1)—(4), are instances of (V4), (1), (p), (i1), and (i2).

Property (8) is proved by induction on T:

= T atomic. Then a-¢p7 €SN by (¢,).

m T=AxB. Then a-¢p4€SN and a-¢pg€SN by IH on A and B. Thus
(a-¢pa,a-pg) €SN by (p), hence a-¢p1 €SN by (¢px).

" T=A—B. Then a-¢pgcSN by IH on B. Let x: A¢FV(a).
Thus Ax:Aa-¢pg €SN by (1), hence a-¢p1 €SN by (¢_).

s T=A+B. Then a-¢4 €SN by IH on A.
Thus inlg(a-¢a) € SN by (i1), hence a-¢p1 €SN by (¢).




SN and term formation

Property (6) has to show that e-7; € SN and e-7 € SN from
e: T=AxBeSN. The proof is by induction on the generation of e€ SN:
" e=xR by (V41), so R eSN. Hence -1 €SN and e 75 €SN by (V1).
m e=(a,b) by (p), so ae SN and be SN. Thus e-m1 € SN by (71) and
e-mp €SN by (72).
= e=(Ax: Cb)cB by (B), so b[x/c]BeSN and ceSN.
Hence b[x/c]D-m1 € SN and b[x/c]D-mp € SN by IH, thus e-7; € SN
and e-m € SN by (B).

The cases for the rules (1), (72), (61), (62), (6x), (6-), (6+), (dx),
(¢—), and (¢+) are analogous.




SN and term formation

Two technical properties are needed to continue the proof:

= (T1) if ac SN and x ¢ FV(a) then aly/x] € SN. This property holds by an
immediate induction on the generation of a€ SN.

m (T2) if e:A— BeSN and w¢FV(e) then e-we SN.

Property (T2) is proved by induction on the generation of e € SN, observing
that we SN by (V4) on no premises:

» e=zR by (V4), so RSN, thus e-we SN by (V4).

m e=Ay:Ab by (1), so be SN. Since b[y/w] €SN by Property (T1),
e-we SN by (B).

= e=(Ax:Cb)cD by (), so b[x/c]|D €SN and ceSN. Then
b[x/c]B-WESN by IH, thus e-w e SN by ().

The cases for the rules (71), (m2), (61), (62), (6x), (6=), (6+), (¢x),
(¢—.), and () are similar.




SN and term formation

Properties (5), (7) and (9) are proved together by induction on (T,e), where
T is ordered by the subtype relation, e is ordered by the generation of SN; as
usual, pairs are lexicographically ordered.

To show (5), consider the possible ways in which e: T — A€ SN:

" e=xR by (V4), so R eSN. Since ae SN by hypothesis, e-a€ SN by
(V1)

m e=Ax:Ab by (1), so be SN. Since ae SN by hypothesis and A is a
proper subtype of T, b[x/a] € SN by IH, so e-a€ SN by (B).

= ez(Ax:Cb)CB by (B), so b[x/c]BeSN and ceSN. Since a: Ae SN
and A is a proper subtype of T=A— B, b[x/c]|D-a€SN by IH, thus
e-aeSN by (B).
The cases for the rules (1), (72), (61), (62), (6x), (6=), (6+), (Px),
(¢—), and () are similar.




SN and term formation

Property (7) is proved using the same technique. It has to be shown that
e-6(x.a,y.b):CeSN from e: T=A+ B for all a,b€SN:

m e=zR by (V41). By side induction on the type C:

o if C is either atomic or a sum, then e-§(x.a,y.b) € SN by (V>).

o if C=DxE then a-my,a-7mp,b-m1,b-m1 € SN by Property (6), thus
e-6(x.a-my,y.b-m1)€SN and e-6(x.a-mp,y.b-mp) € SN by side IH on D
and E, respectively.

Hence (e-6(x.a-my,y.b-m1),e-6(x.a-mp,y.b-m3)) € SN by (p), then
e-6(x.a,y.b)eSN by (6x).

0 if C=D—E, let w:D be a variable such that
w¢ {x,y}UFV(a)UFV(b)UFV(e). Then a-we SN and b-w €SN by
Property (T2), thus e-§(x.a-w,y.b-w) €SN by side IH on D.

Hence Aw:Ce-8(x.a-w,y.b-w) €SN by (1), then e-5(x.a,y.b) € SN by
(6—), concluding the side induction.




SN and term formation

» e=zR8(u.f,v.g) by (V2), so zR €SN, f: TeSN, and g: T € SN. Thus
f-8(x.a,y.b)eSN and g-8(x.a,y.b)e SN by IH on f and g.
Then zR&(u.f-8(x.a,y.b),v.g8(x.a,y.b)) € SN by (V4), hence
e-6(x.a,y.b)e SN by (6+).

m e=inlgc by (i1), so ce SN. Since e: T=A+B and c: A, a[x/e] €SN by
IH on A. Hence e-8(x.a,y.b) €SN by (61).
The case e=inrgc by (i2) is symmetrical.

(AW Cd)cB by (B), so d[W/C]DESN and ce SN. Since e: T, also

d[w/c]D T, thus d[w/c]D&(X a,y.b) € SN by IH. Hence
e-6(x.ay.b)e SN by (B).

The cases for the rules (1), (72), (61), (82), (6x), (6=), (8+), (¢x),
(¢—), and (¢+) are analogous.




SN and term formation

Property (9) is similar, but additional care has to be taken when the variable
to substitute is x in x R. It has to be shown that e[x/a] € SN from e,a€ SN.

" e=wR by (V1), so r[x/a] € SN by IH on each term reR.
If x # w then e[x/a] = (I_i;[x/a])ESN by (V1).
Thus assume x = w. Then (xR)[x/a] € SN by side induction on |R| if R
is empty then (xR)[x/a] = 2SN by hypothesis. Otherwise R = S G and
(xS)[x/a] € SN by side IH.
If G=my or G=my then (xR)[x/a] = (xS)[x/a]- G €SN by Property (6).
Otherwise G: B is a term. Let z: B be a variable such that
z¢FV(a)UFV(xR). Then (xR)[x/a] = ((xS)[x/a]-z)[z/G[x/a]].
Since (x?)[x/a] -z€ SN by Property (T2), G[x/a] € SN as already seen,
and B is a proper subtype of T, then (xl?)[x/a] €SN by IH.




SN and term formation

= e=wR3(y.b,z.c) by (Va), so (wR)[x/a] € SN, b[x/a] € SN, and
c[x/a] € SN by IH. It is safe to assume y,z & {x}UFV(a).
If x #w then e[x/a] = (WT‘?))[X/B] -6(y.b[x/a],z.c[x/a]) € SN by (Vo).
Thus assume x =w and let xR : B+ C. If R is inhabited then B+ C is a
proper subtype of T, the type of a and x. Hence

e[x/a] = ((x/_?))[x/a])-6(y.b[x/a],z.c[x/a]) €SN

by IH on B+ C.




SN and term formation

Therefore, let R be empty, so e[x/a]=a-8(y.b[x/a],z.c[x/a]) whose type is
atomic or a sum. Then e[x/a] € SN is proved by showing that a€ SN implies
a-6(y.b[x/a],z.c[x/a]) by side induction on the generation of ae SN:

= a=uS €SN by (V4). Then e[x/a]=uS -8(y.b[x/a],z.c[x/a]) € SN by
(V2) since its type is atomic or a sum.

" a= u._’>:6(v1.f, v2.g) by (V2), so u?,f,geSN. Thus

f-8(y.b[x/a],z.c[x/a]) € SN
g-6(y-b[x/a],z.c[x/a]) e SN

by side IH on f and g. Then
uS8(vi.f-8(y.b[x/a], z.c[x/a]),
v2.8-6(y.b[x/a],z.c[x/a])) € SN

by (V2), hence e[x/a]l€ SN by (5. ).




SN and term formation

m a=inlca’ by (i1), so @:BeSN. Since T=B+C, (b[x/a])[y/a’] €SN by
main IH on B. Hence ¢e[x/a] € SN by (81).
The case a=inrga’ by (i) is symmetrical.

= a=(Au:Ef)gD by (B), so f[u/g]D SN and g€ SN. Thus
flu/g)D-6(y.b[x/a],z.c[x/a]) € SN

by side IH on f[u/g]B. Hence e[x/a] € SN by (B).

The cases for all the other suitable rules, (71), (72), (61), (62), (6x),
(6-), (64+), and (¢+), are analogous. This concludes the (V3) case.




SN and term formation

m e=Ay:Bb by (1), so be SN. It is safe to assume y ¢ {x}UFV(a).
Thus b[x/a] € SN by IH on b. Hence e[x/a]=Ay:Bb[x/a]€ SN by ().

The cases for the rules (p), (i1), (i2), and (¢5) are analogous.

= e=(Ay:Bc) bD by (B), so c[y/b]B €SN and be SN. It is safe to assume
y & {x}UFV(a). Then (c[y/b]D)[x/a] € SN and b[x/a] € SN by IH. Since

(cly/b]D)[x/a]
= (cly/bl[x/a])(Dlx/a])
= ((clx/a])ly/blx/al)(Dlx/a]) ,

elx/a] = (Ay: Be[x/a]) (b[x/a])(Dlx/a]) € SN by (B).
The cases for the rules (61) and (62) are analogous.




SN and term formation

= e=_)(b,c)n1_D) by (JT1),_§0 bD €SN and ceSN. Then
(bD)[x/a] = (b[x/a])(D[xE])eSN and c[x/a] € SN by IH.
Hence (b[x/a],c[x/a])m1(D[x/a])) = e[x/a] € SN by (7).

The cases for the rules (12), (¢x), (¢-), and (¢p) are similar.




SN and term formation

m e=b-5(y.c,z.d)D by (84), so
(b-8(y.c-m1,z.d-m1),b-8(y.c-72,z.d-72)) D€ SN .
It is safe to assume y,z ¢ {x}UFV(a). Thus, by IH,
((b-(S(y.c-nl,z.d-nl),b-6(y.c'ng,z.d-ng))B)[x/a]

= (b[x/a)-6(y.c[x/a]-71,z.d[x/a] - 71),
b[x/a]-6(y.c[x/a]-nz,z.d[x/a]-nz))(B[x/a])(—:SN .

Hence b[x/a]-6(y.c[x/a],z.d[x/a])(B[x/a])= e[x/a] € SN by (54).

The cases for the rules (§_.) and (6.) are analogous. O




R nces

This proof follows the general guidelines of F. Joachimksi and R. Matthes,
Short Proofs of Normalization, Archive for Mathematical Logic 42, 59-87
(2003).

The main differences are

® slightly more general permutation rules

= | (0 type) and A (x type constructor) have also been considered

= all the uniqueness rules have been included in the proof

= a mistake in the published proof, which has been later corrected by the
authors, is avoided by an alternative proof pattern

m the proof has the same general structure, but many local aspects use
different approaches, e.g., the combinatorics of permutations via A and V

= more details (!!!)
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